A noncommutative version of the Cramer theorem is used to show that if two quantum systems are prepared independently, and if their center of mass is found to be in a coherent state, then each of the component systems is also in a coherent state, centered around the position in phase space predicted by the classical theory. Thermal coherent states are also shown to possess properties similar to classical ones.
I. INTRODUCTION
The coherent states l/J to be studied in this paper have expectation values of the form (l/J;e-i (uP+ vQ>) = exp{ _ e(AU2 +A -IV2)/4}e-i(u(P) + v(Q)>, ( 1.1) where P and Q are the momentum and position operator for a quantum particle in one dimension; the generalization to Rn is straightforward. The physical interpretation of the parameters (P ), (Q ), e, and A., characterizing the state l/J, is obtained from ( 1.1) by differentiation; namely, P=P-(P), Q= Q-(Q).
( 1. allows one, as explained in Sec. III, to interpret the corresponding coherent state as the canonical equilibrium state, at inverse temperature{J, for a quantum harmonic oscillator ( 1. 9) with frequency defined as in ( 1.10) . These states are therefore not pure.
All coherent states (e;;;.li) have in common the property that they allow one/ upon controlling the limit /i .... O, to derive from Mackey's formulation of quantum mechanics the formalism of classical mechanics, complete with its Jordan and Lie products, i.e., with the algebraic structures corresponding to (a) the pointwise multiplication of functions on the classical phase space T "'M, and (b) the Poisson bracket associated with the canonical symplectic form on
T*M.
In this paper we focus our attention on other classical properties of quantum coherent states, exploring what can be said about the individual states of two quantum systems when these are prepared independently and when their center of mass is found to be in a coherent state. In Sec. II we limit our attention to the usual case of pure coherent states (9 = li); the general case (9;;;.11) is presented in Sec. II. The mathematical motivation for this paper is a quantum version of the classical Cramer theorem. 5 The latter asserts that if the sum of two independent random variables is normally distributed, then each of the two random variables entering in this sum must also be normally distributed. 
II. PURE COHERENT STATES
If two classical particles, :l 1 and :l 2 say, are prepared independently and if their center of mass is found to be at the point {pcM, qcM} of phase space one concludes immediately that the state of each ofthe component systems is described by a point {pK, qK} (K = 1, 2) and that
where mK is the mass of the Kth particle.
If, however, the two particles are quantum systems, and one knows the wave function \II eM describing the state of their center of mass, one cannot in general conclude anything about the shape of the wave function \II K (K = 1, 2) of the two component systems, beyond consistency relations between expectation values, e.g., The purpose of this section is to show that if in addition \II eM describes a coherent state, centered around the point { (P eM ) , ( QcM ) } in the classical center-of-mass phase space, then each of the component system must be in a pure coherent state, centered precisely around the points { (PK ), (QK)} (K = 1,2) satisfying (2.3), and with dispersion parameter AK given by the now unique solution of ( 2.4), namely, where A is the dispersion parameter of \II eM, determined uniquely from
As a consequence, the wave functions '1' 1 and '1' 2 will inherit both the Gaussian character of \II eM and minimal dispersion, i.e., equality sign in the Heisenberg uncertainty relation,
forK= 1,2. We have, in fact,
withAK as in (2.5).
(2.8)
As discussed in Sec. I, this is the closest one can possibly come to the classical result: when the scale of the phenomena one observes is such that li can be neglected, our quantum states are well approximated by the corresponding, dispersion-free classical states.
We now turn to the mathematical formulation of these results. For the general mathematical concepts underlying the following brief presentation, see, e.g., §8.3 and §9.1 in Ref. 4 . In order to streamline our nomenclature, we systematically use the following abbreviations. By an "algebra" .Q/ we mean a W*-algebra, with unit denoted by I, i.e., a C*-algebra (with unit) that is the dual of a Banach space .Q/ •; by a "state" t/J on .Q/, we mean a completely additive state, i.e., a positive linear functional (2.9) that is normalized to 1 and belongs to .Q/ • (these states are called "normal" in the literature on von Neumann algebras; we will, however, avoid this adjective here, as it may create confusion with the concept of "normal" distribution, familiar in the literature on classical statistics to which we also refer). The following particular case will be of central interest in the sequel: if .Q/ is (isomorphic, as a W*-algebra, to) the algebra f)J ( Jf"") of all bounded linear operators on a separable Hilbert space JY, then completely additive states tjJ on .Q/ characterized by the fact that they are of the following form, familiar to physicists: ¢: AEdr-+tr( pA )EC, (2.10) where p is a density matrix, i.e., p is a positive trace-class operator on JY, of trace 1, uniquely determined by¢. In the present section, we are primarily concerned with (completely additive!) states tjJ on .Q/""' fJJ (Jf"") which are pure, i.e., states for which p is a one-dimensional projector, and we denote by <I> any unit vector in the range ofp. For this section and the next, it is nevertheless useful to recall that for every state (whether pure or not) tjJ on .s2E, there exists a representation, unique up to unitary equivalence, (2.11) called the GNS representation canonically associated to t/J and characterized by the existence of a vector <I>EJY"', such that (2.12) Finally, by the Weyl CCR algebra for a particle with one degree of freedom, we mean the abstract W*-algebra, defined by its realization on L 2 (R,dx), namely,
18)
where P and Q are the self-adjoint operators defined by their restriction to the Schwartz spaceY (R), i.e., The following information on the state of relative motion is also available .
Corollary 2. 3:
With the notation and assumptions of the theorem and with rPrel the restriction of ¢ 0 to d rei C .f<'f 0 , we have that ¢ 0 is also a pure coherent state, and rPo = rPcM ® rPrel • ( 2.30) Note that (2.30) means physically that there are no correlations between the observables for the center of mass and those for the relative motion.
The above three results follow directly from the noncommutative extension of the classical Cramer theorem obtained in Ref. 6 , the essence of which, for the case of interest here, is captured in Lemma 4.1 below.
Ill. THERMAL COHERENT STATES
Let~ be a classical ideal gas in canonical equilbrium at inverse temperature {3; its partition function Z and density function/are thus, by definition . ,pN,qi, ... ,qN) 
Suppose now that the center of mass of this ideal gas is observed to be distributed according to the canonical equilibrium density of a harmonic oscillator, i.e, 
It then follows, by repeated application of the classical Cramer theorem, that the situation described by ( 3.5 )- It is worthwhile for the sequel to note that (i) t/J is Gaussian;
( ii) one recovers the classical result
and (iii) one recovers the low-temperature limit of Sec. II, namely, (3.38). The following result is stated for two-particle systems although it extends trivially, as does its classical counterpart, to an n-particle system. Theorem 3.1: Let .JlfK (with K = 1,2,CM) be as in Theorem 2.1. ForK= 1,2let t,6K be a state on .J2f K' and let
Then the restriction tPcM of t,6 0 to .J2f eM is a coherent state of the form
with ecM/Ii>-1 and AcM >0, (3.44) if and only if t,6K (K = 1,2) are coherent states of the form The physical meaning of the compatibility condition (3.47) is given by the following result. Scholium 3.2: With (3.43)-(3.46) taken into account, (3.47) is equivalent to
whereJ.L 1 andJ.L 2 are given by (3.48) (3.49) Note that these results are in conformity with the classical results; see in particle (3.9) and (3.10).
The results of Sec. II ("low-temperature limit") are recovered from (3.45) and (3.46) and the following consequence of (3.47) . We have thus proven the first part of (3.54) and (3.55).
If we now assume Q.E.D.
ACKNOWLEDGMENTS
This work was supported in part by the Akademie fUr Wissenschaften zu Gottingen (GGE) and by the Stiftung Volkswagenwerk (GCH).
